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P-DOMINATION AND BOREL SETS
DE´SIRE´E BASILE AND UDAYAN B. DARJI
Abstract. In recent years much attention has been enjoyed by the topological
spaces which are dominated by second countable spaces. The origin of the
concept dates back to the 1979 paper of Talagrand in which it was shown that
for a compact space X, Cp(X) is dominated by P, the set of irrationals, if and
only if Cp(X) is K-analytic. Cascales extended this result to spaces X which
are angelic and finally in 2005 Tkachuk proved that the Talagrand result is
true for all Tychnoff spaces X. In recent years, the notion of P-domination has
enjoyed attention independent of Cp(X). In particular, Cascales, Orihuela and
Tkachuk proved that a Dieudonne` complete space is K-analytic if and only if
it is dominated by P. A notion related to P-domination is that of strong P-
domination. Christensen had earlier shown that a second countable space is
strongly P-dominated if and only if it is completely metrizable. We show that
a very small modification of the definition of P-domination characterizes Borel
subsets of Polish spaces.
1. introduction
All spaces considered in this note are Tychnoff, i.e., completely regular and
Hausdorff. If X is a space, then K(X) denotes the set all of compact subsets of
X endowed with the Hausdorff topology. We let P denotes the set of irrational
numbers with the topology it inherits from the reals. As we are only interested in
the topological properties of P in this note, for all practical purposes P is simply
the Baire space NN.
The topic of this note dates back to a 1979 paper of Talagrand in functional
analysis [7]. In particular, he showed that if X is a compact space then Cp(X) is
K-analytic if and only if there exists a collection of compact set {Ap : p ∈ P} whose
union is X and satisfies the property that Ap ⊆ Aq whenever p < q. Cascales [1]
extended this result by showing the above holds for spaces X which are angelic and
finally in 2005 Tkachuk [8] showed that the result holds for all Tychnoff spaces X .
Moreover, in his paper Tkachuk initiated a systematic study of the spaces which
are now called spaces with P-directed covers, i.e., those spaces X for which there
exists a cover of compact sets {Ap : p ∈ P} such that p < q implies Ap ⊆ Aq.
In 2011, Cascales, Orihuela and Tkachuk [3] initiated the study of a related con-
cept. If X,M are topological spaces, following [3], we say that X is M -dominated
if there exists a collection {AK : K ∈ K(M)} of compact subsets of X such that⋃
K AK = X and K ⊆ L implies that AK ⊆ AL. Among many other results in the
paper, the following was proved.
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Proposition. (Proposition 2.2, [3]) The following conditions are equivalent for any
space X.
• X has a P-directed cover.
• X is P-dominated.
• X is dominated by some Polish space.
Using the above proposition and an earlier result in [2], they obtained following
corollary.
Corollary. (Corollary 2.3, [3]) A Dieudonne´ complete space is K-analytic if and
only if it is dominated by a Polish space.
In a very early paper, Christensen [4] proved a result concerning completely
metrizability of a second countable space. In the current terminology we say, fol-
lowing [3], that space X is strongly M -dominated if X is M -dominated by a cover
{AK : K ∈ K(M)} such that each compact subset of X is a subset of some AK .
Theorem. (Theorem 3.3, [4]) A second countable space is strongly M -dominated
by a Polish space if and only if it is completely metrizable.
Let us make some observations now. Suppose for the moment that X is a
separable metric space. Recall that in separable metric spaces the notions of K-
analytic and analytic coincide. Hence, Corollary 1 says that X is dominated by P
if and only if X is analytic. Whereas Theorem 1 says that X is strongly dominated
by P if and only if X is an absolute Gδ set. There is a big gap between absolute Gδ
sets and analytic sets. In this note we introduce a very small modification of the
definition of P domination which characterizes Borel sets in the setting of Polish
spaces. Let us first observe the following simple fact.
Fact. Space X is M -dominated if and only if there exists a compact family {AK :
K ∈ K(M)} such that
⋃
K∈K(M)AK = X and AK∩L ⊆ AK ∩ AL for all K,L ∈
K(M).
We show that making a simple change of replacing ⊆ by = leads to a charac-
terization of Borel sets in the setting of Polish spaces. More precisely, we say that
space X is strictly M -dominated if there exists a compact family {AK : K ∈ K(M)}
such that
⋃
K∈K(M)AK = X and
K,L ∈ K(M) =⇒ [AK∩L = AK ∩ AL] .
The main result of this note is to show the following theorem.
Theorem 3.4. Let X be a separable metric space and X∗ be its completion. X is
Borel in X∗ if and only if X is strictly P-dominated.
This new definition may characterizeK-Lusin sets in Dieudonne´ complete spaces.
We have been unable to determine this. However, when possible we prove auxiliary
lemmas in as general settings as we know how.
2. terminology and notation
We use the standard terminology of general topology and descriptive set theory.
Our terminology concerning general topology may be found in [5], [9]. Our termi-
nology concerning descriptive set theory in abstract setting can be found in [6]. For
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the convenience of the reader, we state below the specific definitions which we use
in our proofs.
Let X,Y be topological space and K(Y ) the set of all compact subsets of Y
endowed with the Hausdorff topology. Let f : X → K(Y ). Then, f is upper
semicontinuous if for every x ∈ X and V open in Y with f(x) ⊆ V , there exists U
open in X containing x such that f(y) ⊆ V for all y ∈ U .
A space X is K-analytic if there exists an upper semicontinuous f : P→ K(X)
such that X =
⋃
x∈X f(x). If, moreover, f has the property that f(x) ∩ f(y) = ∅
whenever x 6= y, then X is said to be K-Lusin. We recall the classical result that if
X is a separable metric space, then X is K-Lusin if and only if X is a Borel subset
of X∗, the completion of X .
3. main result
In this section we give the proof of the main result.
Lemma 3.1. Let X be a Tychnoff space which is K-Lusin. Then, X is strictly
P-dominated.
Proof. Let f : P→ K(X) witness the fact that X is K-Lusin. For each K ⊆ K(P),
let AK =
⋃
f(K). Clearly, AK ∩ AL = AK∩L and X =
⋃
{K ∈ K(P) : AK}.
To complete the proof, we need to verify that AK is compact. Let G be an open
cover of AK . Hence G is also an open cover of f(x) for each x ∈ K. As f(x) is
compact, we may choose a finite subcover Vx of G which covers f(x). Now, using
the upper semicontinuity of f , we obtain an open set Ux in P, containing x, such
that whenever y ∈ Ux, we have that f(y) ⊆
⋃
Vx. As K is compact, there exists
x1, . . . , xn such that
⋃n
i=1 Uxi ⊇ K. Then, it follows that
⋃n
i=1 Vxn is a finite subset
of G which covers AK . 
Lemma 3.2. Suppose that X is a metric space which is strictly dominated by P.
Then, there exists an upper semicontinuous assignment A : K(P)→ K(X), given by
K → AK , such that X =
⋃
{AK : K ∈ K(P)} and satisfies the following condition:
(†) [K1,K2, · · · ∈ P(K)] =⇒
[
∞⋂
n=1
AKn = A
⋂
∞
n=1
Kn
]
.
Proof. Suppose that X is strictly dominated by the family {FK}K∈K(P). We define
A∅ = F∅. For each nonempty K ∈ K(P) and n ∈ N, let Un(K) be the open set
{t ∈ P : d(t,K) < 1
n
}. We define AK in the following fashion:
AK =
∞⋂
n=1
⋃
{FL : L ∈ K(P),K ⊆ L ⊆ Un(K)} .
We now show that {AK} has the desired properties.
Let us first show that each AK is compact. As A∅ = F∅, it is compact by hypoth-
esis. Hence, let us assume that K 6= ∅. As X is metric, it suffices to show that every
infinite sequence {xn} in AK has a subsequence whose limit is in AK . Fix such a
sequence. For each n ∈ N, let Ln be a compact set such that K ⊆ Ln ⊂ Un(K) and
xn ∈ FLn . Note that {Ln} converges to K in the Hausdorff metric. Hence, for each
n, Mn = ∪
∞
i=nLi is compact subset of Un(K). Moreover, {xn, xn+1, . . .} ⊆ FMn
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for all n. As FM1 is compact, there is p which is the limit of some subsequence of
{xn}. As {Mn} are monotonic and {FMn} compact, we have that p ∈ FMn for all
n. Therefore, p ∈ AK , completing the proof of the compactness of AK .
We next observe that FK ⊆ AK ⊆ X . Therefore,
⋃
{AK : K ∈ K(P)} = X .
We next show that
(*) [K,L ∈ P(K)] =⇒ [AK∩L = AK ∩ AL] .
First, observe that
[K ⊆ L] =⇒ [FK ⊆ FL] , and
[K ⊆ K1 ⊆ Un(K)] =⇒ [L ⊆ K1 ∪ L ⊆ Un(L)] .
These two facts together imply that
(**) [K ⊆ L] =⇒ [AK ⊆ AL] .
Therefore,
[K,L ∈ P(K)] =⇒ [AK∩L ⊆ AK ∩ AL] .
Let us prove the reverse containment now. Let p ∈ AK ∩ AL. We wish to show
that p ∈ AK∩L. Let us first consider the case K ∩ L = ∅. In this case, there exists
n such that Un(K) ∩ Un(L) = ∅. As p ∈ AK ∩ AL, there exists K1 ∈ Un(K), L1 ∈
Un(L) such that p ∈ FK1 ∩ FL1 . As FK1 ∩ FL1 = FK1∩L1 = F∅ = A∅ = AK∩L, we
have that p ∈ AK∩L, proving the containment in this case.
Let us next consider the case that K ∩ L 6= ∅. For each positive integer n, let
Kn, Ln ∈ P(K) be such that
• K ⊆ Kn ⊆ Un(K), L ⊆ Ln ⊆ Un(L), and
• p ∈ FKn , p ∈ FLn .
As {Kn}, {Ln} converge, respectively, to K,L in the Hausdorff metric and K ⊆ Kn
and L ⊆ Ln, we have that {Kn ∩ Ln} converge to K ∩ L in the Hausdorff metric.
Hence every Un(K ∩ L) contains some Km ∩ Lm. Since FKm ∩ FLm = FKm∩Lm ,
we have that p ∈ FKm∩Lm . Therefore, by the definition of AK∩L we have that
p ∈ AK∩L, and completing the proof of the containment
[K,L ∈ P(K)] =⇒ [AK ∩ AL ⊆ AK∩L] .
We next show that (†) holds. Let K1,K2, . . . be elements in P(K). By (∗∗) we
have that [
A⋂∞
n=1
Kn ⊆
∞⋂
n=1
AKn
]
.
To prove the reverse containment, let p ∈
⋂∞
n=1AKn . We first observe that by (∗)
and induction we have that [
A⋂m
n=1
Kn =
m⋂
n=1
AKn
]
for all m ∈ N. We again consider two cases. The first case is that ∩∞n=1Kn = ∅. As
Kn’s are compact, we have that there exists m such that ∩mn=1Kn = ∅. Then,
p ∈
∞⋂
n=1
AKn ⊆
m⋂
n=1
AKn = A
⋂
m
n=1
Kn = A∅ = A
⋂
∞
n=1
Kn ,
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completing the proof in this case. Now let us consider the case
⋂∞
n=1Kn 6= ∅. By
compactness of Kn’s we have that
⋂m
n=1Kn 6= ∅ for all m. As p ∈
⋂m
n=1AKn =
A⋂m
n=1
Kn and
⋂m
n=1Kn 6= ∅ we may choose Lm ∈ K(P) such that
⋂m
n=1Kn ⊆ Lm ⊆
Um(
⋂m
n=1Kn) and p ∈ FLm . We note that {
⋂m
n=1Kn} converges in Hausdorff
metric to
⋂∞
n=1Kn as m→∞. As
⋂m
n=1Kn ⊆ Lm ⊆ Um(
⋂m
n=1Kn), we have that
{Lm} converges to
⋂∞
n=1Kn in the Hausdorff metric as well. Hence, we have that
for every m ∈ N there is m′ ∈ N such that Lm′ ⊆ Um(
⋂∞
n=1Kn). As p ∈ FL′m , we
have that p ∈ A⋂∞
n=1
Kn , completing the proof.
Finally, let us show that the assignment K → AK is an upper semicontinuous
map. To this end, let K ∈ K(P) and V open in X such that be such that AK ⊆ V .
We need to show that there exists some δ > 0 such that if the Hausdorff distance
between K and L is less than δ, then AL ⊆ V . We will show something stronger.
Namely, there is an open set U in P with K ⊆ U such that if L ∈ K(P) and
L ⊆ U , then FL ⊆ V . This suffices as for sufficiently large n, we have that
Un(FL) ⊆ U , implying that AL ⊆ V . To obtain a contradiction, assume that there
is no such U and for each n ∈ N , let Kn ∈ K(P) be such that Kn ⊆ Un(K) and
FKn * V . We note that {Kn} converges to K in the Hausdorff metric and hence
Ln = ∪
∞
i=nKi ∪K is a compact subset of Un(K) containing K. As FLn \ V 6= ∅ we
have that AK \ V 6= ∅, yielding a contradiction. 
Lemma 3.3. Suppose X is a separable metric space and X∗ is the completion of
X. If X is strictly dominated by P, then X is a Borel subset of X∗.
Proof. Let K → AK be the assignment from Lemma 3.2. As the assignment K →
AK is upper semicontinuous, it is Borel and hence its graph {(K,AK) : K ∈ K(P)}
is a Borel subset of K(P) × K(X∗). Furthermore, {(x, L) : x ∈ L,L ∈ K(X∗)} is a
closed subset of X∗ ×K(X∗). Therefore, we have that
{(K,x,AK) : K ∈ K(P), x ∈ AK}
is a Borel subset of K(P)×X∗ ×K(X∗). Moreover,
T = {(K,x) : K ∈ K(P), x ∈ AK}
is the 1-1 projection of this set and hence is Borel.
Let {B1, B2, . . .} be a basis of P consisting of nonempty clopen sets. For each n,
let
Tn = {(K,x) : K ∈ K(P),K ∩Bn 6= ∅, x ∈ AK\Bn}.
Let us fix n for the moment. The assignment K → K \ Bn is continuous and the
assignment K → AK is upper semicontinuous. Hence, the assignment K → AK\Bn
is Borel. Moreover, {K ∈ K(P) : K ∩Bn 6= ∅} is closed. Hence, the set
{(K,x,AK\Bn) : K ∈ K(P),K ∩Bn 6= ∅, x ∈ AK\Bn}
is Borel. Now Tn is simply 1-1 project of this set and hence itself is Borel. Now let
us consider the Borel set
S = T \ (∪∞n=1Tn) .
We first observe that if (K,x) ∈ S, then x ∈ AK but x /∈ AL for any proper subset
L of K. Indeed, this is true for otherwise we can find n such that K ∩ Bn 6= ∅
and L ⊂ K \ Bn. For this n, we would have that (K,x) ∈ Tn, contradicting that
(K,x) ∈ S.
To conclude that X is Borel, it will suffice to show that pi2, the projection onto
the second coordinate, is 1-1 on S and pi2(S) = X . We first show that pi2 is 1-1.
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To obtain a contradiction, assume that (K,x), (L, x) ∈ S with K 6= L. Then,
x ∈ AK ∩ AL = AK∩L. As K 6= L, K ∩ L is a proper subset of either K or L,
yielding a contradiction. Hence, pi2 is 1-1 on S.
To observe that pi2(S) = X , let p ∈ X . Let Gp = {L ∈ K(P) : p ∈ AL} and let
K =
⋂
L∈Gp
AL. We claim that p ∈ AK . We consider two cases, K = ∅ and K 6= ∅.
If K = ∅, then there exists K1, . . . ,Kn ∈ Gp such that
⋂n
i=1Ki = ∅. Then,
p ∈
n⋂
i=1
AKi = A
⋂
n
i=1
Ki = A∅ = AK .
Let us now consider the case K 6= ∅. Then there exists a sequence of compact
set {Kn}∞n=1 in Gp such that K = ∩
∞
n=1Kn. (This is so because P is hereditarily
Lindelo¨f as it is a separable metric space. Hence some countable subcollection of
{Lc : L ∈ Gp} covers Kc.) By Condition (†), we have that
p ∈
∞⋂
n=1
AKn = A
⋂
∞
n=1
Kn = AK .
Therefore, (K, p) ∈ T . By the fashion in which K is defined, we have that (K, p)
is not in Tn for any n. Hence (K, p) ∈ S, completing the proof. 
Theorem 3.4. Let X be a separable metric space. Then, X is strictly P-dominated
if and only if X is a Borel set of of X∗, the completion of X.
Proof. If X is a Borel subset of X∗, then X is a K-Lusin set and we obtain that X
is strictly P-dominated by Lemma 3.1. The other direction follows from Lemma 3.3.

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